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Abstract
Primordial black holes could have been formed in the radiative era of the early Universe
from the collapse of large enough amplitude perturbations of the metric. These correspond to
non linear energy density perturbations characterized by an amplitude larger than a certain
threshold, measured when the perturbation re-enters the cosmological horizon. The process of
primordial black hole formation is studied here within spherical symmetry, using the gradient
expansion approximation in the long wave length limit, where the pressure gradients are small,
and the initial perturbation is a function only of a time-independent curvature profile. In this
regime it is possible to understand how the threshold for primordial black holes depends on the
initial shape of the initial energy density profile, clarifying the relation between local and an
averaged measures of the perturbation amplitude. Although there is no universal threshold for
primordial black hole formation, the averaged mass excess of the perturbation depends on the
amplitude of the energy density peak, and it is possible to formulate a well-defined criterion to
establish when a cosmological perturbation is able to collapse forms a black hole in terms of these
two crucial quantities. This gives understanding of how the abundance of primordial black holes
depends on the shape of the the inflationary power spectrum of cosmological perturbations.
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1 Introduction
A population of primordial black holes (PBHs) might have been formed in the radiation dominated
ear of the early Universe, due to the gravitational collapse of sufficiently large-amplitude cosmo-
logical perturbations. This intriguing idea, initially considered almost 50 years ago by Zel’dovich
& Novikov in 1969 [1], was two years afterwards more seriously considered by Hawking [2], and
inspired from the fact that primordial black holes could be small as particles, including semiclassical
quantum correction he discovered that a black hole could evaporate [3].
The cosmological consequences of PBH formation was then seriously analyzed by Carr, that was
Hawking PhD student at that time, between 1974 and 1975 [4, 5]. He formulated the first criteria to
compute the threshold amplitude δc for PBH formation, using a simplified Jeans length argument
in Newtonian gravity, obtaining δc ∼ c2s where cs =
√
1/3 is the sound speed of the cosmological
radiation fluid measured in units of the speed of light. He was then followed by other authors that
investigated the process of formation by gravitational collapse also numerically: Nadezhin, Novikov
& Polnarev in 1978 [6]; Bicknell & Henriksen in 1979 [7]; Novikov & Polnarev in 1980 [8].
After these pioneering papers the mechanism of PBH formation waited about 20 years before
being studied again with more sophisticated numerical simulations by Niemeyer and Jedamzik [9]
and Shibata and Sasaki [10], both in 1999, followed in 2002 by Hawke & Stewart [11] and by Musco,
Miller & Rezzolla in 2005 [12]. PBH formation received lots of attention at that time because of the
discovery of critical collapse by Choptuik in 1993 [13]. This mechanism finds a natural application
in the context of PBH formation, as it was pointed out in 1998 by Niemeyer and Jedamzik [14].
All these numerical investigations conformed that a cosmological perturbation is able to collapse
into a PBH if has an amplitude δ greater than a certain threshold value δc. One of the definitions
of δ that can be found in the literature was introduced in [9], referring to the relative mass excess
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inside the overdense region (an averaged quantity) measured at the time of the horizon crossing,
when the cosmological horizon is exactly equal to the length scale of the overdensity measured in
real space.
In [9] it was found that for a radiation fluid δc is varying between 0.67 and 0.71 depending
on the shape of the energy density considered. Already at that time the issue of measuring the
length scale of the perturbation at the edge of the overdensity was arising when a non compensated
perturbation, like the Gaussian shape with an overdensity spread to infinity, was considered. The
problem was simply “solved” using a different prescription for measuring the length scale when the
perturbation is characterized by a shape like the Gaussian, without investigating deeper the issue
of determining a well defined and unique criteria to measure the perturbation amplitude.
In [10] this was measured with the peak of the curvature profile (a local quantity) specified in
the Fourier space. Although these two papers came out in the same year, their approach, and the
numerical techniques used, are very different and was really difficult at that time to compare the
results obtained. The problem was faced few years afterwards by Green et al. (2004) [15] using
the relation between the curvature and the energy density profile known from the linear theory of
cosmological perturbations, obtaining a value of δc varying between 0.3 and 0.5, which was not in
agreement with the range of values obtained in [9].
This inconsistency was then apparently solved the year after by myself and collaborators [12],
showing that the results of [9] are contaminated by a non negligible decaying mode component,
because the initial conditions were imposed at horizon crossing. The numerical simulations per-
formed by us instead, were using initial conditions imposed at super-horizon scale, which behave
initially as linear perturbations of the energy density and the velocity field, following the behaviour
of the growing mode component of cosmological perturbations, with the decaying mode compo-
nent disappearing well before the perturbation is reaching the horizon crossing. In this way, using
the same shapes of the energy density considered in [9], we obtained a range of δc = 0.45 − 0.47,
according with the range found in [15].
Although at that time this was considered the solution, a more careful analysis would show that
this is just a coincidence because the amplitude used in [15] is a local value of the energy density,
while the amplitude measured in [9] and [12] is an averaged measure of the mass excess contained
within the overdense region. Moreover the relation used in [15] is linear, while it was shown in [16]
that the peak of the curvature profile forming a PBH needs to be at least of O(1), which is obviously
non linear. This inconsistency has been under estimated for several years, creating confusion in
the literature and producing wrong estimates of the cosmological impact of PBHs, as Germani and
myself have recently pointed out [22]. The same thing was noticed independently at the same time
by Yoo et al. making a similar analysis [23].
One of the aim of the present paper is to combine together all these aspects in a consistent
and coherent picture, introducing a well defined criteria to measure the perturbation amplitude,
which is shape independent. This clarify the relation between the local and the averaged measure
of the perturbation amplitude, making possible to compute consistently how the threshold for PBH
formation is varying with respect the shape of the initial density perturbation.
To make this I will follow the approach used in Polnarev & Musco (2007) [16], where super
horizon initial perturbation are described in terms of the non linear curvature profile, used to
specify initial conditions for numerical simulations, analogous to the ones performed in [12], using
an asymptotic quasi-homogeneous solution [17]. Because the curvature perturbation is a time-
independent quantity when the perturbation length-scale is much larger than the cosmological
horizon [18], the initial perturbations for all of the other quantities can then be specified in a
consistent way in terms of the initial curvature profile, even when this is non linear. This approach
allowed Musco et al [19] to show in 2009, implementing the previous numerical simulations with
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an adaptive mesh refinement (AMR), that the critical behaviour continue to hold for very small
values of (δ − δc). Finally in 2013 the self similarity of the solution for δ = δc was analyzed and
confirmed [20].
In 2014 Nakama et al. [21] made the first attempt to investigate the effects of the shape of
cosmological perturbation on the threshold of PBH formation. They suggested two phenomeno-
logical parameters to measure the relation between the perturbation amplitude and the pressure
gradients. Their analysis however is covering only partially all the possible range of shapes, and
their phenomenological parameters cannot be easily related to the calculation of the cosmological
impact of PBHs. The approach followed in this paper instead, allows to compute how δc and the
corresponding peak amplitude of the energy density perturbations are varying with respect to the
shape. This is perfectly consistent with peak theory [24] and shows that the abundance of PBHs is
strongly dependent from the shape of the inflationary power spectrum, which determine the shape
of the averaged perturbation collapsing into PBHs [22].
For the work of this paper I have used the same numerical code as in the previous papers written
on the subject. Following the present Introduction, Section 2 reviews the mathematical formulation
of the problem, revising the quasi-homogenous solution and discussing the criteria to measure the
perturbation amplitude, analyzing the relation between the local and the averaged measure of the
perturbation amplitude. In Section 3 different families of initial conditions are discussed, studying a
wide range of perturbation profiles which allow to identify the fundamental parameters to describe
all the possible shapes of the energy density. In Section 4 the results for the threshold δc as function
of the fundamental parameters characterizing the shapes are presented and discussed. In Section
5 I conclude making a summary of the results, discussing further developments. Throughout the
units used are c = G = 1.
2 Mathematical formulation of the problem
2.1 Introduction to the 3+1 ADM formalism
In general the (3+1)-decomposition of the metric in the ADM formalism [25, 26] can be written as
ds2 = −αdt2 + γij
(
dxi + βidt
) (
dxj + βjdt
)
(1)
where α, βi and γij are the lapse function, the shift vector and the spatial metric. In this (3+1)-
decomposition, the unit timelike vector n normal to the t =const hypersurface Σ has the following
respectively covariant and controvariant form:
nµ = (−α, 0, 0, 0) and nµ =
(
1
α
,−β
i
α
)
. (2)
In this paper I will consider matter described by a perfect fluid, with the stress energy tensor as
Tµν = (ρ+ p)uµuν + pgµν , (3)
where ρ and p are the fluid energy density and the pressure measured in the comoving frame of the
fluid, while uµ is the four-velocity of the fluid normalized such as uµuµ = −1. With these notions
one can then write the 3+1 Einstein equations for a perfect fluid in the general form without
specifying a particular foliation of the space time (the slicing) and a particular family of worldlines
(the threading). Choosing a particular combination of the two is equivalent to specify the gauge.
In general the spatial metric can be decomposed in the following form
γij = a
2(t)e2ζ(t,x
i)γ˜i,j (4)
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where a(t) is the global scale factor and ζ(t, xi) is a curvature perturbation describing the inho-
mogeneous Universe. The three-part of the metric given by γ˜i,j is time independent and such that
det[γ˜i,j ] = 1.
2.2 The long wavelength approach
We want to consider now non linear super horizon perturbations with length scale much larger than
the Hubble Horizon (which for a spatially flat Universe coincides with the cosmological Horizon).
This approach has been called differently: long wavelength approximation [10], gradient expansion
[28], anti-Newtonian approximation [27], and is based on expanding the exact solution on a power
series of a fictitious parameter  << 1 that is conveniently identified with the ratio between the
Hubble radius 1/H(t) (H(r) := a˙(t)/a(t) is the Hubble parameter) which is the only geometrical
scale in the homogenous Universe, and the length scale L characterizing the perturbation.
 :=
1
H(t)L
(5)
Choosing a particular value of  corresponds to focus on a particular value of time t multiplying
each spatial gradient by , expanding the equations in power series in  up to the first non zero
order and finally set  = 1. This approach reproduces the time evolution of linear perturbation
theory but allows also to consider non linear curvature perturbations if the spacetime is sufficiently
smooth for scales greater than L (see [18] and the references there in). This is equivalent to say
that pressure gradients are small when  1 and are not playing an important role in the evolution
of the perturbation (we will come back to this later in Section 2.5).
We assume that ζ = 0 somewhere in the Universe, which makes a(t) the scale factor of that
region, allowing to interpret ζ as a perturbation within the observable Universe. In Fourier space
the length scale L of the perturbation corresponds to a particular wave number k ∝ a(t)/L which
allows to express  in terms of the wave number. This says that fixing the value of time t, the limit
 → 0 corresponds to k → 0 and the Universe becomes locally homogenous and isotropic (as the
FRWL solution) when the the perturbation is smoothed out on sufficiently large scale L.
The long wave length approach is equivalent to the separate Universe hypothesis [29, 30, 31]
which implies that is always possible to find a coordinate system with which the metric of any local
region can be written as
ds2 = −dt2 + a(t)δijdxidxj (6)
where we have assumed the spatial flatness expected from inflation and confirmed by the obser-
vations. While the homogenous time-independent γ˜ij can be locally transformed away choosing
the spatial coordinates, the time-dependent γij cannot be homogenous if we have a perturbation
ζ which deviates our model of the Universe from the FRWL solution. It has been shown that in
classical GR the O() of the ˙˜γij is decaying and therefore it is reasonable to assume ˙˜γij = O(
2)
while the shift component behaves as βi = O(). This also implies that any perturbation ζ is time
independent at the zero order in  and ζ˙ = O(2), also for a non linear amplitude of ζ as it has
been proved in [18].
2.3 The Misner-Sharp-Hernandez equations (comoving gauge)
Simulations of PBH formation have been performed by Shibata and Sasaki (S&S) [10] using the
constant mean curvature gauge, characterized by a constant trace of the extrinsic curvature, while
other groups (including one of us) has been working using the comoving gauge which we are now
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going to specify. The relation between different gauges in the gradient expansion approximation
has been analized extensively in [18, 32].
In spherical symmetry the explicit form of the Einstein equations in the comoving gauge is
known as the Misner-Sharp-Hernandez equations which start from the the following diagonal form
of the metric [33]
ds2 = −A2(r, t)dt2 +B2(r, t)dr2 +R2(r, t)dΩ2 (7)
where the radial coordinate r is taken to be comoving with the fluid, which then has the four-
velocity of the fluid equal to the unit normal vector orthogonal to the hypersuface of constant time
t namely uµ = nµ, which is usually referred to as cosmic time. This metric corresponds to an
orthogonal comoving foliation of the spacetime with the threading fixed by the shift vector βi = 0.
The non zero coefficients of the metric, A, B and R, are positive definite functions of r and t;
R is called the circumference coordinate in [33] (being the proper circumference of a sphere with
coordinate labels (r, t), divided by 2pi) equivalent to the quantity referred to as the areal coordinate,
and dΩ = dθ2+sin2 θ dφ2 is the element of a 2-sphere of symmetry. The metric (7) can apply to any
spherically symmetric spacetime; in the particular case of a homogeneous and isotropic universe it
can be rewritten in the form of the FLRW metric given by
ds2 = −dt2 + a2(t)
[
dr2
1−Kr2 + r
2dΩ2
]
(8)
with K = 0,±1 being the spatial curvature for flat, closed and open Universe.
In the Misner-Sharp-Hernandez approach, two basic differential operators are introduced:
Dt ≡ 1
A
∂
∂t
and Dr ≡ 1
B
∂
∂r
, (9)
representing derivatives with respect to proper time and radial proper distance in the comoving
frame of the fluid. These operators are then applied to R, to define two additional quantities:
U ≡ DtR = 1
A
∂R
∂t
and Γ ≡ DrR = 1
B
∂R
∂r
, (10)
with U being the radial component of four-velocity in an “Eulerian” (non comoving) frame where
R is used as the radial coordinate, and Γ being a generalized Lorentz factor (which reduces to the
standard one in the special relativistic limit). In other words U is measuring the velocity of the
fluid with respect the centre of coordinates, that in the homogenous and isotropic FRWL Universe
is simply given by the Hubble law U = HR with R(r, t) = a(t)r. The quantity Γ instead gives
a measure of the spatial curvature, and in FRWL one gets Γ2 = 1 − Kr2. Note that Γ is just a
constant (Γ = 1) when the Universe is homogeneous, isotropic and spatially flat.
In general U and Γ are related to the Misner-Sharp-Hernandez mass M (mathematically ap-
pearing as a first integral of the G00 and G
1
0 components of the Einstein equations) by the so called
constraint equation
Γ2 = 1 + U2 − 2M
R
, (11)
where the interpretation of M as a mass becomes transparent when the form of the stress energy
tensor, on the right hand side of the Einstein equations, is specified. Assuming a perfect fluid
defined in (3) M is given by
M =
∫ R
0
4piR2ρ dR (12)
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and in the FRWL Universe this integral is simply given by M = 4piρb(t)R
3/3. In this case the
constraint equation is simply reduced to the First Friedmann equation
H2(t) =
8pi
3
ρb(t)− K
a2(t)
(13)
where ρb(t) the background energy density of the Universe.
The Misner-Sharp-Hernandez hydrodynamic equations obtained from the Einstein equations
and the conservation of the stress energy tensor (see [33, 34, 35] for the details of the derivation)
are:
DtU = − Γ
ρ+ p
Drp− M
R2
− 4piRp , (14)
Dtρ0 = − ρ0
ΓR2
Dr(R
2U) , (15)
Dtρ =
ρ+ p
ρ0
Dtρ0 , (16)
DrA = − A
ρ+ p
Drp , (17)
DrM = 4piR
2Γρ , (18)
where ρ0 in eqs.(15) and (16) is the rest mass density (or the compression factor for a fluid of
particles without rest mass). Together with the constraint equation these form the basic set of
the Misner-Sharp-Hernandez equations. Two other useful expressions coming from the Einstein
equations are:
DtΓ = − U
e+ p
Drp , (19)
DtM = −4piR2Up . (20)
To solve this set of equations we need one more equation to close the system, which is represented
by the equation of state that is specifying the relation between pressure and the components of the
energy density (see Appendix). In this paper I am going to consider a cosmological fluid described
by a constant ratio between pressure and energy density, given by
p = wρ (21)
with w constant. In particular w = 0 corresponds to a pressure less fluid (in cosmology usually
called as “dust”) while w = 1/3 corresponds to a radiation dominated fluid.
2.4 The Curvature profile
We can now introduce the curvature profile into the Misner-Sharp-Hernandez formulation of the
Einstein equations as was done by Polnarev and Musco (P&M) [16], and subsequently also by
Polnarev et al. [36] to study the formation of PBHs. In the comoving gauge this can be done
conveniently using a function K(r) replacing the constant curvature parameter of the FRWL metric
(8) as
ds2 = −dt2 + a2(t)
[
dr2
1−K(r)r2 + r
2dΩ2
]
. (22)
6
Alternatively one can follow the standard approach used in cosmology keeping the curvature profile
outside the 3-spatial metric as a perturbation of the scale factor, writing
ds2 = −dt2 + a2(t)e2ζ(rˆ) [drˆ2 + rˆ2dΩ2] . (23)
In general the way one is specifying the curvature profile into the metric fixes the parameterization of
the radial comoving coordinate. Both (22) and (23) are asymptotic solutions of Einstein equations
in the limit of t→ 0, the full solution is the quasi-homogenous solution described later in Section 2.5.
The coordinate transformation between K(r) and ζ(rˆ) can be found equating separately the radial
and angular components of the two asymptotic metrics, obtaining as in [37]
r = rˆeζ(rˆ)
dr√
1−K(r)r2 = e
ζ(rˆ)drˆ
(24)
In Harada et al. [32] an extensive discussion of the relation between the different gauges of the
curvature profiles have been discussed, with the aim of comparing the results of PBH formation
obtained by P&M (using the comoving gauge) with the ones obtained by S&S (using the constant
mean curvature gauge). In the long wavelength approximation the zero order of the curvature
profile ζ(rˆ) is gauge independent with differences arising at O(2).
To connect directly ζ(rˆ) to K(r) one needs to use the differential relation between rˆ and r
obtained by the first expression of (24)
dr
drˆ
= eζ(rˆ)
(
1 + rˆζ ′(rˆ)
)
. (25)
into the second expression, which gives the following important relation
K(r)r2 = −rˆζ ′(rˆ) [2 + rˆζ ′(rˆ)] . (26)
Another useful alternative relation can be obtained comparing the time independent zero order
component of the spatial curvature from the two asymptotic form of the metric (22) and (23)
R(3) =

6
a2(t)
[
K(r) +
r
3
K ′(r)
]
=
2
a2(t)r2
(
r3K(r)
)′
− 2
a2(t)e2ζ(rˆ)
[
2∇2ζ + (∇ζ)2] = − 8
a2(t)e5ζ(rˆ)/2
∇2eζ(rˆ)/2
(27)
which give
d
dr
(
r3K(r)
)
= − 4rˆ
2
eζ(rˆ)/2
∇2eζ(rˆ)/2 . (28)
Ψ(rˆ) ≡ eζ(rˆ)/2 is the curvature profile as it was defined in S&S and the consistency of this expression
with equation (26) can be verified using the transformation relations given by (24).
The relation between K(r) and ζ(r) can be also found using the definition of Γ given in (10)
which is directly related to the curvature: at the zero order in  one obtains
Γ =
√
1−K(r)r2 = (1 + rˆζ ′(rˆ)) (29)
which rearranged gives again (26). Note that for K(r)r2 = 1 we have a coordinate singularity in
the definition of metric (22) which can be solved with a coordinate transformation, as was pointed
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out in [39]. This point is distinguishing between PBHs type I (K(r)r2 ≤ 1) and PBHs type II
(K(r)r2 > 1) (see [38] for more details), however this second case will not be considerer here
because, as we be seen in Section 4, all the range of all possible values of δc is completely described
by PBHs Type I.
In general for any given profile ζ(rˆ) one can compute the corresponding K(r) making the
derivative of ζ(rˆ) with respect rˆ and then changing the comoving radial coordinate with the first
expression of (24). To obtain the inverse transformations from (29) we can write
dζ =
(√
1−K(r)r2 − 1
) drˆ
rˆ
=
(
1− 1√
1−K(r)r2
)
dr
r
where the second equality has been obtained using (24). As was shown in [32], this can then be
integrated using the boundary condition at infinity where we assume for simplicity the Universe to
be spatially flat
lim
r→∞K(r)r
2 = 0 lim
rˆ→∞
ζ(rˆ) = 0 (30)
which finally gives 
ζ(rˆ) =
∫ r
∞
(
1− 1√
1−K(r)r2
)
dr
r
rˆ = r exp
[∫ r
∞
(
1√
1−K(r)r2 − 1
)
dr
r
] (31)
The solution of these integrals is not analytic in general, and needs to be computed numerically.
2.5 The quasi homogeneous solution
In this subsection I am going to describe the explicit solution of the Minser-Sharp-Hernandez set
of equations in the long wavelength approximation, as function of the time independent curvature
profile. The details of the derivation were presented in P&M using only K(r), here I am going to
review the main results presenting them also in terms of ζ(rˆ) using the relations just seen above.
The time evolution of the scale factor and the Hubble parameter
a(t) ∝ t 23(1+w) and H(t) ∝ 1
t
⇒  ∝ t 1+3w3(1+w) (32)
shows explicitly that choosing a particular value of  with k = const is equivalent to focus on a
particular value of time in the evolution of the perturbation. In particular for matter with w > −1/3
(like dust and radiation) the limit → 0 corresponds to t→ 0. As is mentioned in Section 2.2 the
deviation from the asymptotic value of the metric tensor is O(2), plus higher order terms that can
be neglected when   1, and one can write the components of the cosmic time metric defined in
(7) as
A = 1 + 2A˜ (33)
B =
a(t)√
1−K(r)r2 (1 + 
2B˜) = a(t)eζ(rˆ)(1 + 2B˜) (34)
R = a(t)r(1 + 2R˜) = a(t)eζ(rˆ)rˆ(1 + 2R˜) (35)
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and in the same way one can expand the hydrodynamical variables
ρ = ρb(t)(1 + 
2ρ˜) (36)
U = H(t)R(1 + 2U˜) (37)
M =
4pi
3
ρb(t)R
3(1 + 2M˜) (38)
where the pressure is then calculated with the equation of state given by Eq.(21). Putting R
instead of Rb = a(t)r outside the parenthesis in (37) and (38) simplify the calculation allowing to
decompose the perturbation of M and U in the fundamental components.
Writing the constraint equation (11) in expansion of , using its definition in eq. (5), one gets
K(r) = a2H22
(
U˜ + M˜
)
⇒ K(r)r2k = U˜ + M˜ (39)
where rk is the comoving lengthscale of the perturbation associated to the wavenumber k. Looking
at this expression we can appreciate why in (37) and (38) it is useful to separate the perturbation
of U and M from the perturbation of R. It also shows a general property of the quasi homogenous
solution: the profile of the perturbation is directly related to the curvature profile K(r) or ζ(rˆ),
while the time evolution is ruled by 2, with a clear separation between time and space dependence.
Note that in the long wavelength approximation perturbations have the same time evolution of the
linear theory for a pure growing mode.
The explicit expression of energy density and velocity perturbation in terms of the curvature
profile is then given by
ρ˜ =
3(1 + w)
5 + 3w
[
K(r) +
r
3
K ′(r)
]
r2k = −
2(1 + w)
5 + 3w
e2ζ(rˆk)
e2ζ(rˆ)
[
ζ ′′(rˆ) + ζ ′(rˆ)
(
2
r
+
1
2
ζ ′(rˆ)
)]
rˆ2k (40)
U˜ = − 1
5 + 3w
K(r)r2k =
1
5 + 3w
e2ζ(rˆk)
e2ζ(rˆ)
ζ ′(rˆ)
[
2
rˆ
+ ζ ′(rˆ)
]
rˆ2k (41)
and note that, consistently with a pure growing solution, ρ˜ and U˜ can be expressed one in term of
each other as:
ρ˜ = −(1 + w) 1
r2
d
dr
(
r3U˜
)
U˜ = − 1
(1 + w)
1
r3
∫
ρ˜ r2dr (42)
To complete the solution one can write the other perturbation terms as linear combination of energy
density and velocity perturbations:
A˜ = − w
1 + w
ρ˜ (43)
M˜ = −3(1 + w)U˜ (44)
R˜ = − w
(1 + 3w)(1 + w)
ρ˜+
1
1 + 3w
U˜ (45)
B˜ =
w
(1 + 3w)(1 + w)
r
dρ˜
dr
=
w
(1 + 3w)(1 + w)
rˆ
1 + rˆζ ′(rˆ)
dρ˜
drˆ
(46)
From these expression it is possible to appreciate as all the perturbative terms, apart from B˜, are
function of K(r) and K ′(r) or ζ ′(rˆ) and ζ ′′(rˆ), while the term B˜ is related to one higher order
derivatives in K(r) or ζ(rˆ). When w = 0 we have B˜ = 0; in general this term is related to pressure
gradients which are responsible for the next order correction of O(2) of the curvature profile, as can
be appreciated from equation (19). One can look at B˜ as the seeds of pressure gradients which will
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grow during the non linear evolution, breaking the self similar behaviour of the quasi-homogeneous
solution. It is also interesting to notice that the sum of the coefficients of U˜ and M˜ is equal to
1, because of the constraint equation written in terms of K(r) seen in (39). The values of these
coefficients show how the curvature perturbation splits between U˜ and M˜ , with the two limits of
pure kinetic energy for w = −1 and pure gravitational energy for w →∞.
To use the quasi homogenous solution just derived one needs to specify the value of the back-
ground quantities: the energy density ρb(t), the Hubble parameter H(t) and the scale factor a(t),
related by the first Friedmann equation (13). These allows to write (t) as
(t) =
1
a(t)H(t)rk
=
1
a(t)H(t)rˆkeζ(rˆk)
(47)
which replaced into (36) and (37) gives
δρ
ρb
= 2ρ˜ =
(
1
aH
)2 3(1 + w)
5 + 3w
[
K(r) +
r
3
K ′(r)
]
(48)
= −
(
1
aH
)2 2(1 + w)
5 + 3w
e−2ζ(rˆ)
[
ζ ′′(rˆ) + ζ ′(rˆ)
(
2
rˆ
+
1
2
ζ ′(rˆ)
)]
(49)
δU
U0
= 2U˜ = −
(
1
aH
)2 1
5 + 3w
K(r) (50)
=
(
1
aH
)2 1
5 + 3w
e−2ζ(rˆ)ζ ′(rˆ)
[
2
rˆ
+ ζ ′(rˆ)
]
(51)
where U0 = HR differers from the background value because is including the perturbation in R.
The above expression represents an alternative way of writing the quasi-homogenous solution, with
rk not appearing explicitly. We will see later the operational difference in using these two forms of
the quasi homogenous solution when a particular expression for K(r) or ζ(r˜) will be specified.
In general it is possible to distinguish between compensated and non compensated density
profiles: the first ones are characterized by overdensity regions compensated by underdensity ones
such that ∫ ∞
0
4pir2ρ˜dr = 0 ⇒ lim
r→∞K(r)r
3 = 0 or lim
rˆ→∞
ζ(rˆ)rˆ = 0 , (52)
while non compensated perturbations are characterized by a curvature profiles not satisfying this
limit but still satisfying the condition Γ > 0 from (29), which gives
K(r) <
1
r2
and ζ ′(rˆ) > −1
rˆ
. (53)
Summarizing the boundary conditions at infinity in terms of K(r) these are given by
lim
r→∞K(r) ∼
1
rα
with
{
α < 3 compensated profiles
3 ≤ α < 2 non compensated profiles (54)
while in terms of ζ(rˆ) these are
lim
rˆ→∞
ζ(rˆ) ∼ 1
rˆα
with
{
α < 1 compensated profiles
1 ≤ α < 0 non compensated profiles (55)
We will see explicit examples of compensated and non compensated profiles in Section 3 where we
will discuss different parameterizations of the curvature profile.
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2.6 The perturbation amplitude δ
To conclude this section I introduce a measure of the perturbation amplitude defining the averaged
mass excess within a certain volume defined as
δ(r, t) :=
1
V
∫ R
0
4piR2
ρ− ρb
ρb
dR where V =
4
3
piR3 (56)
and using the expressions for ρ and R seen above in the long wavelength approximation at O(2)
one gets
δ(r, t) =
3
r3
∫ r
0
δρ
ρb
r2dr = 2(t)f(w)K(r)r2k where f(w) =
3(1 + w)
5 + 3w
. (57)
Using (t) in terms of rk as in (47) allows to write (57) as
δ(r, t) = 2(t)M˜(r) =
(
1
aH
)2
f(w)K(r) (58)
which shows that K(r) is directly measuring the averaged mass excess within a sphere of comoving
radius r, with a “transfer function” f(w) depending from the equation of state.
If the perturbation has a central overdensity (underdensity) of comoving radius r0 surrounded
by an underdensity (overdentiy) it has been commonly used to identify rk with the edge of the
overdensity (underdensity) r0 which is given by the location where δρ/ρb = 0, obtained by the
following relation:
K(r0) +
r
3
K ′(r0) = 0 or
[
eζ(rˆ0)/2
]′
+
r0
2
[
eζ(rˆ0)/2
]′′
= 0 . (59)
However, if r0 → ∞ we have δ → 0, coherently with the boundary condition at infinity of the
curvature profile seen in (30) and with the fact that a perturbation with infinite length scale
(k → 0) is equivalent to the background solution. This show that in general r0 is not a good
measure of the perturbation length scale and it is necessary to find an alternative way to quantify
the perturbation amplitude.
One can define the compaction function C, according to the R = 2M condition for the formation
of an apparent horizon1, as twice the mass excess over the common areal radius of the two
C := 2[M(r, t)−Mb(r, t)]
R(r, t)
=
r2
r2k
M˜ +O(2) (60)
where in the second equality we have used the first Friedmann equation (13) for a Universe spatially
flat2. Neglecting the higher order terms in 2, consistently with the long wave length approximation,
one finds that C is time independent, and using the explicit expression for M˜ we have
C(r) = f(w)K(r)r2 = r
2
r2k
δ(r) ⇒ C(rk) = δ(rk) . (61)
This shows the equivalence of measuring the amplitude in terms of the excess of mass within a
comoving volume of radius rk or in terms of the local value of the compaction function. Because
1see for example [40] for a review about the condition R = 2M determining a trapped surface in spherical
symmetry.
2This function was defined by S&S as C = (M −Mb)/R.
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we are looking at PBH formation it is natural to identify rk with the location rm where C(r) is
reaching its maximum, defined by C′(r) = 0, which gives:
K(rm) +
rm
2
K ′(rm) = 0 and ζ ′(rˆm) + rˆmζ ′′(rˆm) = 0 . (62)
Using now this relation one can express K ′(rm) in terms of K(rm) and replace it into (48), or
express ζ ′′(rˆm) in terms of ζ ′(rˆm) and replace it into (49), we obtain
δ(rm, t) = 3
δρ(rm, t)
ρb(t)
(63)
which is completely independent from the particular shape of the curvature profile. This simple
expression, which to my knowledge has never been pointed out, show the general relation between
the local value of the energy density perturbation δρ/ρb measured at rm and the averaged excess
of mass δ within a comoving volume of radius rm. The coefficient 3 is related to the spatial
dimensions of the volume in spherical symmetry. Because of the “local to global” relation given
by this expression, evaluating the energy density, or the mass excess at rm, represents an invariant
and well defined criteria to measure the perturbation amplitude of a cosmological perturbation on
super horizon scales, when the curvature profile is time independent. Using (63) into (57) one can
write rm as
r3m =
∫ rm
0
δρ(r, t)r2dr
δρ(rm, t)
(64)
which is an alternative definition of rm using the energy density profile instead of the curvature.
The location of rm corresponds in general to the maximum of the Newtonian gravitational potential,
measured by the ratio M/R.
To compare the amplitude of perturbations specified on different scales, it is useful to normalize
 = 1 ⇒ aHrm = 1, removing the time dependence from the expression for δ. In first approxima-
tion this corresponds to the amplitude of the perturbation measured at horizon crossing, although
a caveat is necessary here. In linear theory cosmological perturbations are usually described as
single modes k evolving in the Fourier space and the horizon crossing is defined when k/aH = 1.
Gravitational collapse forming a PBH instead is a non linear process happening in real space, where
a perturbation is a combination of different modes over a region characterized by a particular length
scale identified by the maximum rm of 2M/R. In the long wave length regime rm will be associated
to the ”characteristic mode” k∗ of the perturbation such that rm ∝ 1/k∗. In general the coefficient
of proportionality between rm and k∗ depends on the particular curvature profile, which in Fourier
space is associated to a particular shape of the inflationary power spectrum, and in [22] this con-
nection has been explored for two particular shapes of the power spectrum, assuming Gaussian
statistics.
The concept of horizon crossing therefore is not the same if measured in Fourier or in real space,
and the non linear effects when  ∼ 1 are not completely negligible. On the other hand using the
quasi-homogenous solution with  = 1 gives a reasonable estimation of the perturbation amplitude
at horizon crossing and, most important, is a well defined criteria to compare different perturbation
at the same scale rm computing the effect of the shape on the threshold for PBH formation. In
this context is therefore useful to measure the amplitude of the perturbation at (tH) ≡ 1, which
with an abuse of language I am going to call “horizon crossing time”, defining
δm ≡ δ(rm, tH) = f(w)K(rm)r2m , (65)
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which in general will be different from the mass excess δ0 measured at the edge r0 of the overdensity
δ0 ≡ δ(r0, tH0) = f(w)K(r0)r20 . (66)
where tH0 is the “horizon crossing time” defined with respect r0 instead of rm. Both δm,0 and C(r)
can be expressed in terms of ζ(rˆ) using equation (26) and the transformation relation between r
and rˆ given in (24).
3 Initial conditions
I am now going to study some specific parameterizations of the curvature profile K(r) or ζ(rˆ)
to describe, using the quasi-homogenous solution seen in the previous section, different shapes as
initial conditions for numerical simulations of PBH formation. I will start considering an illus-
trative simple example of a Gaussian profile of K(r) and ζ(rˆ) containing only two parameters to
vary respectively the amplitude and the length scale of the perturbation. This particular shape
will be then generalized introducing additional parameters, identifying which are the fundamental
parameters to characterize the shape of the energy density.
3.1 Gaussian curvature profile
A Gaussian curvature profile for K(r) reads as
K(r) = A exp
(
− r
2
2∆2
)
, (67)
which replaced into (48) gives the following profile for the energy density
δρ
ρb
=
(
1
aH
)2
f(w)
[
1− r
2
3∆2
]
K(r) . (68)
This type of perturbation is characterized by a central overdense region compensated by a sur-
rounding underdense one approaching the background density at infinity, consistently with the
condition seen in(54). The parameters A and ∆ are controlling respectively the peak amplitude
and the length scale of the perturbation. Using (62) and (59) we can calculate rm and r0 which
allows to compute the value of δm and δ0 defined in (65) and (66) as
rm =
√
2∆ ⇒ δm = 2f(w)
e
A∆2 = f(w)
e
Ar2m (69)
r0 =
√
3∆ ⇒ δ0 = 3f(w)
e3/2
A∆2 = f(w)
e3/2
Ar20 (70)
Using (69) one can write (67) and (68) as function of r/rm which read as
K(r) = A exp
[
−
(
r
rm
)2] δρ
ρb
=
(
1
aH
)2
f(w)
[
1− 2
3
(
r
rm
)2]
K(r) (71)
corresponding to the so called Mexican-Hat profile of the energy density already used as initial
condition in [12]. When the Universe is radiation dominated (w = 1/3) a critical value of δ0 ' 0.45
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Figure 1: The left plots shows the K(r) given by (67) using the the threshold value for PBH forma-
tion (δm ' 0.5) for three different values of rm = 1,
√
2, 2. The right plot shows the corresponding
behaviour of C(r) identifying 3 different parameter regions: no PBHs (δm . 0.5), PBHs type I
(0.5 . δm ≤ 2/3) and PBHs type II (δm > 2/3).
was found, which corresponds to a critical value of δm ' 0.5 and Ar2m ' 2. In general we can relate
the amplitude δm to the value of the peak measured at horizon crossing tH ( = 1), obtaining
δρ
ρb
(0, tH) = f(w)Ar2m = e δm . (72)
The left frame of Figure 1 shows the behaviour of K(r) as function of r for three different choices
of A and r2m corresponding to the threshold δc ' 0.5, where the dotted line corresponds to the
condition K(r)r2 = 1. In the right frame of Figure 1 the corresponding profiles of the compaction
function C(r) are plotted, identifying the region of PBH formation with the amplitude of the peak
corresponding to the threshold δc. Because A ∝ 1/r2m for a constant value of δc, the different
curves of Figure 1 corresponds to C(r) written as function of r/rm, describing perturbations with
the same amplitude δm specified at different scales.
Considering now a Gaussian curvature profile ζ(rˆ) written in terms of rˆ instead of r
ζ(r) = A exp
(
− rˆ
2
2∆2
)
(73)
one obtains the following energy density profile
δρ
ρb
=
(
1
aH
)2
f(w)
[
1− rˆ
2
3∆2
(
1 +
ζ(rˆ)
2
)]
2ζ(rˆ)
∆2e2ζ(rˆ)
. (74)
Putting δρ/ρb = 0 we have
rˆ20
3∆2
=
(
1 +
ζ(rˆ0)
2
)−1
(75)
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and the value of δ0, the averaged amplitude measured at the edge of the overdensity, is given by
δ0 = −f(w)
[
2 + rˆ0ζ
′(rˆ0)
]
rˆ0ζ
′(rˆ0) . (76)
This equation can be solved as a second order equation with respect rˆ0ζ
′(rˆ0)
− rˆ0ζ ′(rˆ0) = rˆ
2
0
∆2
ζ(rˆ0) = F(w, δ0) := 1−
√
1− f−1(w)δ0 (77)
where we have chosen the solution satisfying the background condition r0ζ
′(r0) = 0 when δ0 = 0,
and combining now (75) with this last expression we finally get
ζ(r0) =
2F(w, δ0)
6−F(w, δ0) and rˆ0 = ∆
√
3− F(w, δ0)
2
. (78)
This show that in general using ζ(rˆ) the location of the edge of the overdensity, and the corre-
sponding value of δ0, depends both from A and ∆.
Using (73) into the right hand expression of (62) one can calculate rˆm as
rˆm =
√
2∆ ⇒ δm = 4f(w)Ae−1
(
1−Ae−1) (79)
where δm instead depends only from the peak amplitude parameter A, while the comoving length
scale rˆm of the perturbation depends only from ∆. The naturally split role of these two parameters
confirms the right choice of measuring the averaged excess of mass at rˆm and not at rˆ0. Equation
(79) shows that there is a maximum value of δm for A = Amax = e/2 ' 1.36, which corresponds
to the coordinate singularity K(r)r2 = 1. The threshold for PBH formation using (73) as initial
condition for numerical simulations (see Section 4) gives δc ' 0.55, corresponding to A ' 0.80.
In the following I will generalize the shape of the curvature profile introducing additional pa-
rameters to modify the shape of the energy density. Because the relation of δρ/ρb in terms of K(r)
is linear while the relation in terms of ζ(rˆ) is not, in real space it is easier to control the shape
working with K(r) instead of ζ(rˆ). The usage of ζ(rˆ) becomes important when the profile in real
space of the energy density is related to the power spectrum Pζ(k) in Fourier space obtained from
inflation [22]. Because this paper is focusing on the relation between the threshold of PBH forma-
tion and the shape of cosmological perturbations collapsing into PBHs in real space, I will focus
only on different profile of K(r). The relation between the shape of the energy density perturbation
and the profile of ζ(rˆ) will be analyzed in a future work where the connection with the shape of
power spectrum will be studied.
3.2 Compensated perturbation profiles
The Gaussian curvature profile seen in the previous subsection can be generalized adding two
additional parameters, α and λ, appearing as follows
K(r) =
( r
∆
)2λA exp [−1
2
( r
∆
)2α]
(80)
which gives the following profile of the energy density
δρ
ρb
=
(
1
aH
)2
f(w)
[
1 +
2λ
3
− α
3
( r
∆
)2α]
K(r) . (81)
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Figure 2: This figure show the behaviour of δρ/ρb given by (85) plotted against r/rm when  = 1.
In the left frame the profiles are centrally peaked, with λ = 0 and α = 0.5, 0.75, 1, 2, 3, 5, 10,
while in the right one we can observe profiles which are off-centered characterized by α = 1 and
λ = 0, 1/8, 1/4, 1/2, 1, 2, 4, 8, 16. In both frames the profile with α = 1 and λ = 0 is plotted using
a dotted line.
The first parameter α > 0 allows to change the steepness of the profile while λ ≥ 0, allows to vary
also the location of the peak: for λ = 0 the peak is at the centre (r = 0), while for λ > 0 the shape
is off-centered and the distance between the peak and the centre is increasing for larger values of λ.
The expressions for rm and r0, with the corresponding amplitude δm and δ0 are given by
rm =
(
2(λ+ 1)
α
)1/2α
∆ ⇒ δm = f(w)
(
2(λ+ 1)
α
)λ/α
exp
(
−λ+ 1
α
)
Ar2m (82)
r0 =
(
2λ+ 3
α
)1/2α
∆ ⇒ δ0 = f(w)
(
λ+ 3
α
)λ/α
exp
(
−2λ+ 3
2α
)
Ar2m (83)
Using the value of rm one can generalize (85) obtaining
K (r) =
[
2(λ+ 1)
α
]λ/α( r
rm
)2λ
A exp
[
−λ+ 1
α
(
r
rm
)2α]
(84)
δρ
ρb
=
(
1
aH
)2
f(w)
[
1 +
2
3
(
λ− (λ+ 1)
(
r
rm
)2α)]
K(r) (85)
which gives a value of the central peak (λ = 0) at horizon crossing such that
δρ
ρb
(0, tH) = f(w)Ar2m = e1/α δm (86)
which shows that, for a constant value of δm the corresponding value of the central peak is decreasing
for increasing values of α. This is reflecting the fact that for larger values of α the shape of K(r) and
16
δρ/ρb is converging towards a top-hat profile where the matter is more homogeneously distributed
within a sphere of radius rm. For λ 6= 0 the location of the peak rp is not in the centre and can be
found looking where the (δρ/ρb)
′ = 0 that, combined with (82), gives
rp
rm
=
[
2λ
2λ+ 1
−
(
3 + 2α
2(2λ+ 1)
)(√
1 +
16αλ
(2α+ 3)2
− 1
)]1/2α
(87)
which can be used into (85) to compute the corresponding value of δρ/ρb.
The left frame of Figure 2 shows the energy density contrast plotted against r/rm for centrally
peaked profiles (λ = 0) and different values of α, while in the right frame α = 1 and λ is varying.
The Mexican-Hat profile (α = 1 and λ = 0) in plotted in both panels using a dotted line. This
allow to distinguish in the left frame profiles characterized by a values of α > 1, having a lower
peak than the Mexican-Hat from profiles having α < 1, which have a higher peak. For each profile
δm = 0.5 which implies that at r = rm the local value of the energy density δρ/ρb is the same,
consistently with (63), and all the different profiles are crossing each other at that point. The region
inside rm in the left frame is getting more and more homogeneous for larger values of α while at
the same time the transition to the background becomes sharper. For smaller values of α < 1
the profiles becomes instead more spiky in the centre while the transition towards the background
solution outside becomes smoother. This connection between the behaviour of the profile in the
region inside rm with the region outside is given by the particular parameterization chosen in (80),
using only one parameter. In the right frame of Figure 2 the location of the peak rp ≤ rm is moving
from the centre (λ = 0) towards rm (λ→∞).
3.3 Non compensated perturbation profiles
Lets consider now a Gaussian shape of the energy density characterized by (rm/r0)→∞ while the
peak amplitude is finite. This is given by
δρ
ρb
=
(
1
aH
)2
f(w)A
( r
∆
)n
exp
[
−1
2
( r
∆
)2]
(88)
where the corresponding curvature profile K(r) is obtained performing the following integration
K(r) =
3aH
r3
∫ r
0
δρ
ρb
x2dx2 . (89)
We obtain an expression that, if n is an integer, can be written in form of a serie combination. If
n is even (89) gives
K(r) = 3A
( r
∆
)−3 Bn√pi
2
erf
(
r√
2∆
)
−
n/2∑
i=0
Cin
( r
∆
)(n+1−2i)
exp
(
− r
2
2∆2
) , (90)
while if n is odd it gives
K(r) = 3A
( r
∆
)−3 Bn − (n+1)/2∑
i=0
Cin
( r
∆
)(n+1−2i)
exp
(
− r
2
2∆2
) , (91)
where
B\ = (n+ 1)!! and Cin =
Bn
(n+ 1− 2i)!! ,
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Figure 3: This left panel shows the behaviour of δρ/ρb seen in (88) plotted against r/rm at horizon
crossing ( = 1) for n = 0, 1, 2, 3, 5. The right panel show the behaviour of δρ/ρb seen in (92) for
σ = 2, 3 and for σ →∞. The Gaussian profile (n = 0 and σ →∞) in the left panel is plotted using
a dashed line, while the Mexican Hat profile (α = 1 equivalent to σ → 1) is plotted in the right
panel with a dotted line. In both panels All rofiles correspond to a value of δm = 0.5.
and in this case the value of rm can be obtained solving (62) only numerically. The left frame of
Figure 3 shows different density profiles given by (88) for different values of n, all with the same
amplitude δm = 0.5. The Gaussian shape with the peak in the centre (n=0) is plotted with a
dotted line.
The density profiles given by (88) are completely non compensated, without a region of under
density, with n playing the same role of λ in the previous section. These profiles can me modified
introducing a varying compensation controlled by an additaional parameter σ looking for an energy
density as
δρ
ρb
=
(
1
aH
)2
f(w)A
( r
∆
)n [
exp
(
− r
2
2∆2
)
− 1
σ3
exp
(
− r
2
2σ2∆2
)]
, (92)
where 1 < σ <∞. This expression, using n = 0, was considered originally by S&S and corresponds
to a Gaussian profile of the energy density modified by an under density which is more and more
compensating the region of the over density for values of σ → 1 while the opposite limit σ → ∞
corresponds to (88). The parameter n is generalizing this behaviour also for off-centred profiles.
Using (92) into (89) for n even it is obtained
K(r) = 3A
( r
∆
)−3 BnE1(r, σ)− n/2∑
i=0
Cin
( r
∆
)(n+1−2i)
E2(r, σ)
 , (93)
while if n is odd we have
K(r) = 3A
( r
∆
)−3 Bn − (n+1)/2∑
i=0
Cin
( r
∆
)(n+1−2i)
E2(r, σ)
 , (94)
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where
E1(r, σ) =
√
pi
2
[
erf
(
r√
2∆
)
− erf
(
r√
2σ∆
)]
E2(r, σ) = exp
(
− r
2
2∆2
)
− 1
σ
exp
(
− r
2
2σ2∆2
)
.
Imposing δρ/ρb = 0 in (92) the following expression for r0 is obtained
r0
∆
=
√
2(3 + n)σ2 log σ
σ2 − 1 (95)
which is monotonically increasing for 1 < σ < ∞. In the limit of σ → 1 this expression gives
r0 →
√
3∆: although for σ = 1 expression (92) reduces to the background solution, the limit of the
shape converges to the ”Mexican=hat” profile analyzed in the previous section. The value of rm
for these shapes needs instead to be calculate numerically computing then δm. In the right frame
of Figure 3 the profiles given by Eq.(92) with n = 0 are plotted for different values of σ using a
constant value of δm = 0.5 for all the profiles. As done in the left frame the Gaussian profile (n = 0
and σ → ∞) is plotted using a dotted line. In principle it would be desirable to consider also a
parameter α into the exponent of (92) but this will introduce an additional level of complication
in the integration of Eq.(89) which I will not consider in this context.
4 Peak amplitude and mass excess threshold
4.1 Numerical scheme
The calculations done in this paper to calculate the threshold of PBH formation for the different
shapes described in the previous section have been made with the same code as used in [12, 16,
19, 20]. This has been fully described previously and therefore I will just give a very brief outline
of it here. It is an explicit Lagrangian hydrodynamics code with the grid designed for calculations
in an expanding cosmological background. The basic grid uses logarithmic spacing in a mass-type
comoving coordinate, allowing it to reach out to very large radii while giving finer resolution at
small radii.
The initial data follow from the quasi-homogeneous solution seen in Section 2, specified on a
space-like slice at constant initial cosmic timeti with a(ti)rm = 10RH ( = 10
−1) while the outer
edge of the grid has been placed at 90RH , sufficient to ensure that there is no causal contact between
it and the perturbed region during the time of the calculations. The initial data is then evolved
using the Misner-Sharp-Hernandez equations seen in Section 2.3, so as to generate a second set of
initial data on a null slice and the null-slice initial data is then evolved using the Hernandez-Misner
equations (see [12]). During the evolution the grid is modified with an adaptive mesh refinement
scheme (AMR), built on top of the initial logarithmic grid, to provide sufficient resolution to follow
black hole formation down to extremely small values of (δ − δc).
4.2 Shape parameters
In the previous section I have analyzed different types of profiles, both compensated and not
compensated, with the aim of having a wide variety of profiles to identify the crucial parameter
describing the effects of the shape on the threshold for PBH formation. Based on this, we can
identify few adimensional parameters that describe all the main features of the shape. Two are
related to the amplitude of the energy density perturbation and two instead are related to the
radial distribution of the density profile:
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• The averaged mass excess δm contained within a spherical region of radius rm, equivalent to
measure the local value of the energy density perturbation (δρ/ρb)rm .
• The peak amplitude of the energy density perturbation (δρ/ρb)rp
• The relative location rp/rm of the peak of the energy density, by definition 0 ≤ (rm/rp) < 1.
• The relative location of the edge of the overdensity r0/rm, by definition (r0/rm) ≥ 1.
In the plane of all the possible profiles, δρ/ρb plotted against r/rm, as they have been represented
in the previous section, these parameters identifies 3 crucial points:
• P1 :=
(
rp/rm , (δρ/ρb)rp
)
• P2 :=
(
1 , (δρ/ρb)rm
)
• P3 := (r0/rm , 0)
If the profile is centrally peaked (rp = 0) the behaviour of the density will be basically monotonically
decreasing from 0 to r0, with the possibility of having only small oscillations to not alter the fact
that rm is the location of the peak of the compactness function. If the profile instead is not centrally
peaked (rp 6= 0), the behaviour will be initially increasing from 0 to rp and then decreasing from
rp to r0.
As we will see in the following, P1, P2 and P3 contains all the relevant informations about
the profile shape, and the possible deviations are not playing a significant role during the non
linear evolution. If the profile is not centrally peaked, we do not know in principle the value of
(δρ/ρb)r=0. However, as we will see, during the evolution of an off-centered pertubation, the mass
excess rearranged itself to a centrally peaked profile with almost the same value of the excess of
mass δm, which in the end allows to reduce the analysis just to centrally peaked profiles.
4.3 Numerical results
Let’s consider now the centrally peaked profiles given by Eq.(81), keeping λ = 0 and varying α > 0.
For α → ∞ the profile is approaching the squared-hat profile charcterized by an excess of mass
homogeneously distributed from 0 to r0/rm = 1, with a discontinuous change of the density to
the background solution. For α → 0 the profile instead is approaching a Dirac-delta shape with
r0/rm →∞. Although these profiles are obtained with a particular parmeterization, varying only
one parameter, they allows to span all the possible range of the threshold δc. In Figure 4 we can
see δc plotted against the correspondent peak value of the energy density perturbation, with the
threshold of the centrally peaked profiles given by Eq.(81) described by the solid line, which identify
the following range for δc
0.4135 . δc ≤ 2
3
(96)
The upper limit of (96), corresponding to the squared-hat profile, is theoretically known and
converges towards the limit of validity of the comoving metric (K(rm)r
2
m = 1), consistent with
the discontinuity of the profile at rm. The lower limit instead is the analytic solution obtained for
δc in [41] using a relativistic Jeans argument that takes into account the gravitational role of the
pressure, but is neglecting the pressure gradients, otherwise no analytic solutions exist.
This surprisingly convergence is consistent with a profile converging towards a Dirac-delta where
all the matter is more and more concentrated in the central shells with the density increasing very
rapidly, while the other shells have a nearly constant density almost equal to the background
solution. For such matter configurations the pressure plays a significant role only in the very
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Figure 4: The plot is showing the evolution of the threshold δc with respect (δρ/ρb)rp for centrally
peaked (rp = 0) profiles given by Eq.(81) (solid line) and Eq.(92) (dotted line). The dashed
shadowed line indicates the possible range of variation when the edge of the overdensity r0 → ∞.
The value of δc can vary between the two limiting case indicated with the two dashed horizontal
lines: the bottom one is the analytic limit computed in [41] when pressure gradients are negligible
(Dirac-delta profile), the upper limit is corresponds to the opposite case of infinite pressure gradients
(squared hat profile) which is converging towards the limit of validity of metric (7).
central region, where almost all the matter is already concentrated, while are negligible through
the rest of the configuration where the density in nearly constant. The Dirac-delta profile therefore
is keeping the shape basically not modified during the collapse, and is the one that satisfy better
the assumption of no pressure gradients used in [41]. The squared-hat profile instead has infinite
pressure gradients at rm, which propagates inward modifying the profile very strongly during the
non linear evolution, and represents the shape where the pressure gradients act the most. When
the perturbation is collapsing into a PBH (δ > δc), the difference between a particular value of δc
and the minimum value of 0.4135 is measuring the excess of mass that is lost during the collapse,
because of the modification of the shape towards a Dirac-delta profile. The code is not able to
evolve with good resolution shapes with α < 0.1 because such profiles are too sharp, however the
values of α considered allows to approach very closely the analytic estimation of δc obtained in [41],
confirming this interpretation.
The dotted line in Figure 4 represents the profiles described by Eq.(92) with n = 0 and a varying
value of σ > 1. In this case we keep the value of (δρ/ρb)rp=0 finite, varying only between 1.35 and
1.55, while r0/rm is varying significanlty between
√
3/2 and infinity. In this case the corresponding
value of δc is varying between 0.5, in the limit of σ → 1 (the Mexican-Hat shape), and 0.475 for
σ → ∞ (the Gaussian shape). The aim of using this type of shapes is to evaluate the effect of
modifying the outer region of the overdensity (r > rm) while the inner part (r < rm) is kept almost
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Figure 5: These plots shows the critical profiles of Figure 4 plotted against r/rm: the left panel is
using the same parameter range used in Figure 2, while the right one is using the parameter range
of Figure 3.
unchanged, as can be seen in the right panel of Figure 5. The decreasing of δc given by the dotted
line with respect the solid one is partially due to the increase of the central peak amplitude when σ
is increasing and partially is due to the progressive “streatching” of the tails of the overdensity to
infinity. These two combined effects reduce the role of the pressure gradients, decreasing the value
of δc. To decouple them one can measure the variation of δc keeping a constant value of the peak
amplitude, obtaining from the data of Figure 4 a variation ∆δc . 2%. This is indicated in the plot
with the dashed shadowed line, which identifies the error bar of δc because of moving the edge of
the overdensity without changing the central peak amplitude.
Figure 5 shows the critical profile corresponding to Figure 4: on the left panel we can see the
critical profiles obtained from Eq.(81) while on the right one we have the critical profiles obtained
from Eq.(92). These two plots are very similar, respectively, to the left one of Figure 2 and to the
right one of Figure 3 that we have seen in the previous section. However the plots of Figure 5 do
not assume a constant value of the amplitude δm = 0.5 as was done in Section 3, but each profile
has a different value of δm = δc according to the results seen in Figure 4. The correspondent value
of (δρ/ρb)rm is therefore varying between 0.14 and 0.22 which is too small to be noticed in this
plots without a larger zoom. Looking at this Figure we can appreciate the fact that rm represents
the location where the value of the energy density is varying the least with the shape, because the
definition of rm is shape independent.
In Figure 6 one can see the behaviour of δc plotted against the central peak amplitude when
off-centered profiles described by Eq.(81) are taken into account. These in spherical symmetry
looks like toroidal perturbation. The different curves corresponds to different values of λ = 0, 1, 2, 3
taken constant along each curve while α is varying. For larger values of λ the location of the
peak is shifted towards rm, with rp/rm → 1 when λ → ∞ as can be seen from Eq.(87). The
decreasing behaviour of δc for increasing values of the peak amplitude, that has been seen in Figure
4 for centrally peaked profiles, is conserved also when these are off-centered. This indicated that
the physical role of the shape described before, which is related to the evolution of the pressure
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Figure 6: This plot shows the behaviour of δc with respect (δρ/ρb)rp for the profiles given by Eq.(81):
the solid line corresponds to centrally peaked profiles (λ = 0) while the dashed lines correspond
to off-centered profiles (λ = 1, 2, 3), with λ increasing with the behaviour diverging from the solid
line.
gradients, is very general and the values of δc are always within the range given by (96). For the
same value of δc the amplitude of the peak is varying significantly if the profile is off-centered, and
in general the range of values for the critical peak amplitude is:(
δρc
ρb
)
rp
≥ 2
3
(97)
In Figure 7 we can see δc plotted against r0/rm for the centered and off-centered profiles seen in
Figure 4 and in Figure 6, showing explicitly that the threshold δc does not change significantly with
respect r0/rm. This suggests that the difference of the peak amplitude for the off-centered profiles
is only due to a different distribution of the matter in spherical symmetry, without affecting the
threshold. Looking more carefully at the simulations one can see that during the first part of the
evolution of the off-centered profiles, the matter is redistributing filling up the central depression,
converging towards a centrally peaked profile with almost the same amplitude that it would have
had if the profile would be centrally peaked from the beginning. The threshold δc for off-centered
shapes is therefore equivalent to the threshold of centrally peaked shapes, and this would allow,
in the end, to consider only centrally peaked profiles to calculate the cosmological abundance of
PBHs, which simplify a lot the analysis.
The dotted line of Figure 7 corresponds to the profiles given by Eq.(92) where the change in δc
between 0.5 and 0.475 is basically given by 1 ≤ r0/rm . 2, while there is no significant variation
in δc when r0/rm & 2. As we have already seen in Figure 4, most of the change in δc is due to
the variation of the peak amplitude in the central region, while few percent change is due to the
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Figure 7: This figure shows the behaviour of δc, already seen in Figure 4 and Figure 6, plotted
against the ratio r0/rm. The same line styles (solid, dotted and dashed) used in those figures
have been used here to distinguish between the different shapes. The two horizontal dashed lines
correspond to the minimum and maximum values of δc given by (96).
change outside rm, moving the edge of the overdensity r0 towards infinity. Here we see that this
second order effect is focused within the region rm . r . 2rm. We can so conclude that the region
of the profile significant to determine the threshold with very good accuracy is given by
0 ≤ r . 2rm (98)
Finally in Figure 8 we can see, only for the particular case of Eq.(81) with centrally peaked
profiles (λ = 0), the difference between δc and the the threshold δ0 calculated at the edge of the
overdensity r0 instead of rm, both plotted against r0/rm. When r0 ' rm, as it is obvious, the two
quantities almost coincides, while the critical values diverge for increasing values of r0/rm (δ0 → 0
for r0/rm → ∞) showing that, in general, δ0 is not a good quantity to measure the effect of the
shape, because its definition is strongly shape dependent. With this example I want to stress again
the importance of using a shape independent criteria, like the definition of δm used here, to measure
the perturbation amplitude.
5 Conclusions
The threshold value of δ0 ' 0.45, corresponding to a Mexican-Hat shape, that was found in [12], has
been used for several years as a representative value for the threshold of PBH formation because it
was consistent with the range 0.3 . δc . 0.5 calculated by Green et al. in [15]. This was obtained
converting the results of the simulations done by S&S, that were using density profiles specified in
the Fourier space, to a measure of the perturbation amplitude done in real space. The convergence
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Figure 8: This figure shows the behaviour of δc compared to the correspondent critical value δ0
plotted with respect r0/rm for the centrally peaked profiles given by Eq.(81).
of the results of these two different works gave the impression that the result was solid and could
be accepted without further investigations. This range however was calculated using the linear
approximation of Eq.(28), neglecting the term (∇ζ)2 which in simulations of PBH formation is not
small, and approximating eζ ' 1 + ζ. These simplifications allow to write the density contrast in
Fourier space simply as
δρ
ρb
(k, t) ' −
(
k
aH
)2 2(1 + w)
5 + 3w
ζ(k) (99)
where −k2ζ(k) is the Fourier transform of ∇2ζ(r).
However, considering the full non linear expression, it is not possible to simply transform the
full expression for the energy density profile seen in Eq.(40) from the real to the Fourier space. In
addition Eq.(99) is a local measure of the energy density profile while δm is an averaged smoothed
quantity done within a volume of radius rm. To relate correctly the simulations done by S&S
with the ones done in a work like this one, one need first to identify k as the mode associated
to rm (k ∝ 1/rm), where the exact proportionality depends from the particular shape. Second
one needs to multiply δρ/ρb by a factor 3 to relate the local measure of δρ/ρb done at rm to the
smoothed averaged one done to compute δm (see Eq.(63)) which in (99) is not taken into account.
Replacing δ0 ' 0.45 with δc ' 0.5, as we know it should be done, this value of δc is just marginally
consistent with the range of values found in [15], suggesting that, as we are now aware, there are
some inconsistencies in the way the two approaches has been compared.
The estimation of the threshold obtained with Eq.(99) is incorrect for several reasons, and it
was just for a coincidence that the value of δ0 found in [12] was within the range obtained by
[15]. This coincidence has mislead the community working on PBHs for several years up to know,
producing incorrect estimations of the abundance of PBHs, as it has been recently shown in [22].
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In real space Eq.(99) should be replaced by
δρ
ρb
(rm, t) =
(
1
aHrm
)2 δm
3
(100)
where
δm = f(w)K(rm)r
2
m = −f(w)
[
2 + rˆmζ
′(rˆm)
]
rˆmζ
′(rˆm) . (101)
which shows that in terms of the curvature, the fundamental quantity to measure is K ≡ K(rm)r2m
or Φ ≡ −rˆmζ ′(rˆm), where the minus in the last expression is taken to make Φ positive defined. In
terms of ζ the crucial quantity to measure is therefore its first derivative at rm, multiplied by rm
itself to make the product adimensional. Measuring the first derivative solve the ambiguity that
ζ could always be redefined adding a constant, which corresponds to simply renormalize the scale
factor, or the radial Lagrangian coordinate, without changing the solution of the problem (note
that the quasi homogeneous solution in Section 2.5 is expressed only in terms of derivatives of ζ).
Solving Eq.(101) for a radiation dominated Unverse (w = 1/3), using the range of δc given by (96)
into δm, one obtains:
0.62 . Kc ≤ 1 0.38 . Φc ≤ 1 (102)
and Φc should replace the “misleading” concept of ζc used in the literature for the threshold of
PBHs.
To summarize and conclude, in this paper I have given a clear and consistent prescription
to calculate the perturbation amplitude δ of a spherically symmetric cosmological perturbation,
measured at ”horizon crossing”, computing the threshold δc for PBH formation. A crucial point is
to measure the density contrast at the location of maximum compactness, called here rm, where
the ratio 2M/R is having a local maximum. Measuring the local value of the energy density at
this point is equivalent to measure the excess of mass of the perturbation averaged within the
corresponding volume, independently from the shape.
This criteria allows to understand how the shape of the perturbation affects the value of δc,
identifying the possible range of variation for this quantity. Performing extended numerical simu-
lations I have shown that the threshold value δc is strongly related to the critical peak amplitude
of the energy density perturbation, where the location of the peak is not important because dur-
ing the first part of the evolution, initially off-centered shapes will get modified by the pressure
gradients, converging towards centrally peaked shapes with almost the the same value of δc. The
threshold of the peak amplitude, characterizig the central part of the shape (r ≤ rm), is therefore
strongly related to the value of δc, with possible variation of about few percentage, due to the exact
location of the edge of the overdensity, which is measuring the effect of the profiles in the outer
region (r > rm). These represents all the crucial parameters that one needs in spherical symmetry,
to compute with very good accuracy the threshold of PBH formation.
In a future paper together with collaborators, using peak theory [24], as it has been done in
[22, 23], we are going to study the connection between the shapes analyzed in this work with the
correspondent shapes of the inflationary power spectrum, computing the precise relation between
rm and the mode k of the perturbation in Fourier space. The aim is to understand how the
mechanism of PBH formation can be used to put precise cosmological constraints on the shape of
the inflationary power spectrum.
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Appendix: Perfect fluid and equation of state
The total energy density ρ is the sum of the rest mass density and the internal energy density:
ρ = ρ0(1 + ) . (103)
where  is the specific internal energy, related to the velocity dispersion (temperature) of the fluid
particles and γ is the adiabatic index. In order to solve the set of equations presented in Section 2
we need to supply an equation of state p(ρ0, ) specifying the relation between the pressure and the
different components of the energy density. For a simple ideal particle gas, we have that
p(ρ0, ) = (γ − 1)ρ0 , (104)
In general, if γ 6= 1, Eq.(103) can be written as
ρ0 = ρ+
p
γ − 1 (105)
showing that, when the contribution of the rest mass of the particles to the total energy density
is negligible (ρ  ρ0,   1), we get the standard (one-parameter) equation of state used for a
cosmological fluid
p = wρ (106)
setting w = γ − 1. A pressureless fluid (w = 0) corresponds to the case where the specific internal
energy  is effectively zero, while γ = 4/3 describes a relativistic fluid where   1, describing a
medium dominated by radiation. In the case of Eq.(106) the equation of state has a constant ratio
of pressure over energy density given by w, while in general this ratio is varying with the density,
increasing during the collapse. For an ideal gas in general we have
p
ρ
=

1 + 
(γ − 1) , (107)
varying from (γ − 1) when  1 to the limit of w when  1.
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